Magnetic-moment oscillations in a quantum Hall ring 
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We predict non-mesoscopic oscillations in the orbital magnetic moment of a thin semiconductor ring in the 
quantum Hall effect regime. These oscillations, which occur as a function of magnetic field because of a compe- 
tition between paramagnetic and diamagnetic currents in the ring, are a direct probe of the equilibrium current 
distribution in the nonuniform quantum Hall fluid. The amplitude of the oscillating moment in a thin ring with 
major radius R and minor radius (half width) a is approximately aReo} c /c, where <y c is the cyclotron frequency. 
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I. INTRODUCTION 

There has been considerable interest in the orbital mag- 
netic response of mesoscopic normal-metal rings to an applied 
magnetic field. The principal focus has been on the micro- 
scopic origin of the equilibrium persistent current /, which 
leads to a measurable magnetic moment nR 2 I/c in a thin ring 
of radius R. The persistent current / is mesoscopic in origin 1 
and vanishes in the macroscopic limit in accordance with 
Bloch's theorem. 2 However, because the current in a ring is 
actually distributed, the orbital magnetic moment 
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H= - c J dr r 2 j{r\ (1) 
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may be finite even if / = J Q dr j(r) vanishes. Here j(r) is the 
azimuthal component of the equilibrium current density, and 
a two-dimensional electron system is assumed. 

This multipole-moment effect is negligible in metal rings at 
laboratory magnetic field strengths or in semiconductor rings 
in weak fields, because j(r) is itself small under these condi- 
tions. However, the equilibrium current density in the quan- 
tum Hall regime generally consists of strips or channels of dis- 
tributed current, which alternate in sign, and which have uni- 
versal (confining potential independent) integrated strengths 
of the order of ea)^^. Therefore, although / vanishes for a 
macroscopic ring in the quantum Hall regime, fi may be quite 
large. Furthermore, we shall show that because of a com- 
petition between paramagnetic and diamagnetic currents in 
the ring, the orbital magnetic moment oscillates with applied 
magnetic field. These oscillations, which are generally dis- 
tinct from the de Haas-van Alphen or any mesoscopic oscilla- 
tions, and which may be used to probe the equilibrium current 
distribution in the confined quantum Hall fluid, are the subject 
of this paper. 

There is an extensive literature on finite-size orbital mag- 
netic effects in conductorsr^i^ and Sivan and Imry 9 have 
discussed the de Haas-van Alphen oscillations in small (sim- 
ply connected) quantum dots. The limit of a two-dimensional 
electron gas in a strong perpendicular magnetic field and 
a parabolic confining potential has been solved exactly by 



FIG. 1: Two-dimensional electron gas in ring geometry. 




Harrison. However, we are not aware of any previous work 
on the problem considered here. 

In the next section, we discuss the equilibrium current dis- 
tribution in a ring in the quantum Hall effect regime, and we 
present results of a self-consistent Hartree calculation of the 
oscillating magnetic moment. In Section III, we show that in 
a particular limit, the magnetic-moment oscillations become 
that of the de Haas-van Alphen effect for a two-dimensional 
electron gas in the area defined by the bulk of the ring. Section 
IV contains a discussion of our results. 



II. HARTREE THEORY OF THE MAGNETIC-MOMENT 
OSCILLATIONS 

We shall assume that a two-dimensional electron gas is con- 
fined to a semiconductor ring of major radius R and minor ra- 
dius (half width) a by a fixed positive background charge den- 
sity of magnitude «o- The inner radius of the two-dimensional 
ring is R-a and the outer radius is R+a, as illustrated in Fig.^ 
A uniform magnetic field of strength B is oriented perpendic- 
ular to the two-dimensional electron gas in the z direction. 

The origin of the magnetic-moment oscillations is best un- 
derstood within a self-consistent Hartree approximation. The 
effects of exchange and correlation are discussed at the end of 
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this paper. 

The theory of the equilibrium current distribution in the 
disorder-free, slowly confined quantum Hall fluid, has been 
developed in Refs.|3|and|4j In the ring geometry considered 
here, the current flows in the azimuthal direction. The az- 
imuthal component of the current density, a function of the 
radial coordinate r only, may be written (ignoring exchange 
and correlation effects) as 



j(r) = j e d ge (r) + j huik (r), 



where 



Jedg 
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Here m* is the electron effective mass (m*/m « 0.067 for 
GaAs), e is the magnitude of the electron charge, and w c = 
eB/m*c is the cyclotron frequency. In Eq. n,(r) denotes 
the contribution to the equilibrium number density 



n(r) = 2_j n M 



(5) 



from the z'-th Landau level, namely 

nir) =J—Yj n * + \jo) + V(r)] . (6) 



Here np(e) = [exp(e - y)lk^T + 1] 1 is the Fermi distribution 
function, 



7 = 



h(x) c 



gm_ 

2m e 



(7) 



is the dimensionless spin splitting (with g the magnitude of 
the effective Lande g-factor of the host semiconductor and fis 
the Bohr magneton), t = y/hc/eB is the magnetic length, and 
the summation in Eq. is over spin components <x = +1. 
Instead of using the bare ^-factor, which is about 0.44 in 
GaAs, we have used the experimentally measured exchange- 
enhanced value, which is about 11 g w 7.3 (see also Ref. Il2l 
where a slightly smaller g-factor is observed). An important 
technical point in our computation is that the g-factor is the 
same for all Landau levels. This has been confirmed in an 
experiment 12 showing that the exchange-enhanced g-factor is 
independent of the magnetic field despite the intuitive expec- 
tation that it should have a B -1 ' 2 dependence (see Fig. 4 in 
Ref.fl2l). The confining potential V(r) in Eq. (jfji consists of an 
external potential, produced by the fixed positive background 
charge together with the self-consistent Hartree potential from 
the electron gas. 13 The expressions above are valid provided 
(V <K Hcj c and k B T «: na) c . 



Assuming cylindrical symmetry, and a positive background 
charge given by n\,(r), the Hartree potential energy in the ring 
is 



V(r) 



where 
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m sin 8 



is the complete elliptic integral of the first kind, 14 (see Ap- 
pendix|X|for more details) and k is the dielectric constant. 



FIG. 2: The electron density for v = 2 (solid line) plotted to- 
gether with the background charge density (dotted line) in units of 
no = (2flToF' for a two-dimensional ring of major radius R = 40a at 
temperature T = 0.005 e 2 lKr k^. The inset shows in more detail the 
inner-edge region where the v = 1 incompressible strip is formed. 
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In Figs. 13 and [3] we present results of a self-consistent 
Hartree calculation of the low-temperature density and cur- 
rent distributions in the ring, as a function of x = r - R (the 
radial coordinate measured from the major radius of the ring). 
The dashed line in Fig. shows the assumed positive back- 
ground charge density of magnitude no and width 2a, where 
a = 100ro. Here ro is the average interparticle spacing in the 
bulk of the ring, defined by no = {Inr^Y 1 . The background 
charge drops linearly to zero over a distance of 20ro, leading to 
the trapezoid-shaped cross-sectional distribution shown. The 
corresponding low-temperature electron density for a two- 
dimensional ring of major radius R - 40a is shown in the solid 
curve of Fig. [21 The magnetic field strength has been chosen 
so that two Landau levels are filled (v = 2, where v = 2jr£ 2 no) 
in the bulk of the ring. Wide incompressible strips are formed 
at filling factor v = 1 at the inner and outer edges of the ring. 

The azimuthal current density at this same magnetic field 
strength is shown in the solid curve of Fig. [5] in units of 
jo = ehl2nm*r^. The qualitative features of the current dis- 
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FIG. 3: The current densities for v = 2 (solid line) and v = 5/2 
(dotted line) in units of jo = eTi/lnrn'r^ for a two-dimensional ring 
of major radius R = 40a at temperature T = 0.005 e 2 /Kr k B . 
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FIG. 4: The electron density for v = 3 (solid line) plotted to- 
gether with the background charge density (dotted line) in units of 
n = (InrZ)' 1 for a two-dimensional ring of major radius R = 40a at 
temperature T = 0.005 e 2 /kto&b. 
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tribution may be understood from Eqs. Q and @. At the 
inner edge of the ring, x « -1 16ro, the density increases from 
zero to no/2. Because the compressibility in this edge region 
is large, the screening is nearly perfect and the self-consistent 
confining potential is approximately uniform. Therefore, the 
current density is dominated by the edge contribution 0. The 
current is positive because n(r) is increasing with radius. At 
the boundary of the innermost edge region, x a -114>o, the 
current has a node. In the v = 1 incompressible region be- 
tween x m -1 14ro and -107 ro, the density is uniform and the 
potential decreases by approximately fra> c . In this region the 
bulk contribution @ is dominant, and the current is negative 
because dV/dr is negative. At x ~ -107ro the incompressible 
region ends and there is another node in the current. Another 
edge region is then encountered as the density approaches its 
bulk value of «o- 

The current density at the outer edge of the ring follows 
similarly: There are two edge regions where the density de- 
creases by (2nt 1 y x and where the sign of the current is neg- 
ative, separated by a v = 1 incompressible bulk region where 
the current is positive. We note that the integrated current 
in each channel is universal, independent of the shape of the 
channel and the details of the confining potential. 3 

It is tempting to regard the edge current Q as being dia- 
magnetic and the bulk current (0} as paramagnetic, but this 
is not correct. Figure [3] shows that the edge current — in the 
sense of our definition (0 — at the outer edge of the ring is in 
fact diamagnetic, but that near the inner edge of the ring it is 
paramagnetic instead. 

At this point it is worth stressing the asymmetry between 
the odd-integer and even-integer filling factors v. It is well 
known that for the quantum Hall states with odd-integer v the 
Fermi level resides in the Zeeman gap of size yfico c within 
the uppermost Landau level, where y is defined in Eq. 0, 
while for the even-integer v it lies in the cyclotron gap of size 
Hu> c . In our calculations, the spin-splitting is about 25% of 
the cyclotron energy. Because the width of the incompress- 



ible channel is proportional to the corresponding energy gap, 
the incompressible strips formed at odd-integer v are notably 
narrower than the even-integer ones, as evident in Fig.@] The 
horizontal arrows in Fig. @] point to the positions of the in- 
compressible strips corresponding to filling factors v = 1 (at 
n/no - 1/3) and v = 2 (at n/n® = 2/3). 

As the magnetic field is changed, the filling factor in the 
bulk of the ring changes. It is useful to define a dimensionless 
magnetic field strength 



ha), 



(10) 



where, as before, k is the dielectric constant of the semicon- 
ductor. The density of one filled Landau level is given by 
{2ji( 2 Y 1 = r s /3riQ, where r s = ro/«B is the dimensionless in- 
terparticle spacing and a% = h 2 K/m*e 2 is the effective Bohr 
radius in the semiconductor. The density in Fig.[5]and current 
in the solid curve of Fig.|5]were calculated with the parameter 
values r s = 1 and p - 1/2. 

The dotted curve of Fig. [3] shows the current distribution 
after the magnetic field has been reduced to a strength corre- 
sponding to/3 = 2/5, so that v = 5/2 in the bulk of the ring. In 
this case, there are three edge channels and two incompress- 
ible strips at the inner and outer edges of the ring. Note that the 
current distribution for /? = 1/2 and (5-2/5 are almost every- 
where opposite in sign (after an unimportant shift in x). This 
sign reversal, which clearly leads to oscillations in the orbital 
magnetic moment of the ring, occurs because of a combina- 
tion of two factors: The competition between the edge current 
Q and bulk current (0} leads to a pattern of strips or channels 
of current with alternating sign, and the electron-electron in- 
teraction expels most of the current from the bulk to the inner 
and outer edges of the ring. 

The orbital magnetic moment of the ring is straightforward 
to compute from Q, and is plotted in the solid curve of Fig. [5] 
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in units of 



/in = 4-nRan ii* B , 



(11) 



where //* = eh/2m*c is the effective Bohr magneton. The 
magnetic moment is plotted as a function of v, the filling fac- 
tor in the bulk of the ring, and r s = 1 as before. Note that the 
asymmetry between the odd-integer and even-integer v dis- 
cussed above leads to a partial suppression of the magnetiza- 
tion oscillation at odd-integer v. The dashed line of Fig. [5] 
shows the magnetic moment in the limit R » a » i and 
T — 0, which is calculated analytically in the next section. 
The deviation of the solid curve from the dashed one is a con- 
sequence of both finite-size effects and finite temperature. The 
solid curve on Fig.|5]is essentially the same as that in Fig. 2 
of Ref. 15f The magnetic field distance between two adjacent 
minima of the magnetization in Fig. 2 in Ref. corresponds 
to a distance in v approximately equal to 2 which is in very 
good agreement with Fig.|5]bellow. 



FIG. 5: The magnetic moment as a function of the filling factor in 
units of fi for a two-dimensional ring of major radius R = 40a for 
temperature T = 0.005 e 2 /i<r k B . The dashed line shows the oscil- 
lating magnetic moment of the noninteracting electron gas at T = 0. 
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In addition to the plot of the magnetic-moment oscillations 
as a function of the filling factor v given in Fig. [5] it is in- 
teresting to plot the magnetic moment as a function of the 
magnetic field. This is given in Fig. [6] for a system with 
«o = 4.9 x 10 15 m~ 2 , corresponding to sample T412 of Ref. 1 1 5l 
(after illumination), where we find excellent agreement with 
that experiment (see Fig. 3 of Ref.fl5l). 



III. MOMENT OSCILLATIONS IN THE DE HAAS-VAN 
ALPHEN LIMIT 

In this section we calculate the orbital magnetic moment 
for the special case of R » a » I, a limit where an exact 
analytic solution is possible. Recall that 2a is the width of 
the electron gas in a ring of radius R, and i is the magnetic 



FIG. 6: The magnetic moment (at temperature T = 0.005 e 2 /Kr k B ) 
as a function of the total magnetic field B tot computed for the sam- 
ple T412 of Ref. 15 (after illumination) in units of fi for a two- 
dimensional ring of major radius R = 40a. The arrows show the 
magnetic fields at which the corresponding filling factors appear. 
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length. We shall show that in this limit the magnetic-moment 
oscillations become that of the de Haas-van Alphen effect for 
a two-dimensional electron gas in the area defined by the bulk 
of the ring. 

In terms of x = r - R, the magnetic moment Q may be 
written as 



-IS 



dx (R + x) j(x), 



(12) 



where the fact that the current density vanishes outside the 
ring has been used to extend the limits of integration. Because 
j(x) is an odd function of x in a macroscopic ring in the R » a 
limit [see Eq. (IA4> in Appendix[X), we have 



4nR 

c 



J" dx x j(x). 




(13) 



This expression shows that fi is proportional to the first mo- 
ment of the current distribution shown in Fig. O which itself 
oscillates as a function of magnetic field. 

Because the current density is concentrated at the inner and 
outer edges of the ring on a length scale much smaller than a, 



oo oo 

J" dx x j(x) ss a J" 



dx j(x). 



(14) 



Finally, the relation j(r) = cV x M(r) between current and 
local magnetization shows that 



oo 

/ 



dx j(x) = cM(v), 



(15) 
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where M(v) is the z component of the equilibrium orbital mag- 
netization of a uniform two-dimensional electron gas with fill- 
ing factor v. 

Therefore, in the de Haas-van Alphen limit, 



fi = 4nRaM(v). 



(16) 



The expression (1161 shows that the magnetic moment in the 
R » a » ( limit is equal to that of a uniform electron gas of 
filling factor v and area A-nRa, the area of the ring of width 2a 
and radius R. The magnetic moment in this limit, which may 
also be written as 



M(v) 



(17) 



is shown at zero temperature in the dashed curve of Fig. [5] 



IV. DISCUSSION 

In this paper, we have shown that the equilibrium current 
density in a confined quantum Hall fluid, which generally con- 
sists of a series of strips or channels of distributed current 
with alternating signs, leads to a magnetic moment in a non- 
mesoscopic ring that oscillates as a function of magnetic field. 
In a certain limit, namely the oscillations may be 

regarded as de Haas-van Alphen oscillations of the Hall fluid 
in the bulk of the ring, even though the current density in this 
limit is actually concentrated at the inner and outer edges. 

The most natural interpretation of the magnetic-moment os- 
cillations reported here is one in terms of the multipole mo- 
ments of the equilibrium current distribution. The magnitude 
of the net current flowing at the edge of v filled Landau lev- 
els is of the order of veoj c . This current contributes approxi- 
mately R 2 veu> c /c to the orbital magnetic moment. However, 
the equilibrium currents flowing at the inner and outer edges 
of a macroscopic ring cancel, so the zeroth-order radial mo- 
ment of the azimuthal current distribution, f dx j(x), van- 

XCO 
dx x j(x), does 

not vanish. The resulting magnetic moment is of the order of 
fio, defined in (II 1> . which may be equivalently rewritten as 



IM> = (^JR 2 vea> c /c, 



(18) 



making evident its multipole-moment origin. 

Finally, we note that the spin polarization contributes to the 
total the magnetic moment of the ring an amount 



(19) 



where N a is the number of electrons with spin cr. The prin- 
cipal effect of exchange is to enhance the bare Zeeman spin 
splitting, which we have already accounted for phenomeno- 
logically by using ^-factors deduced by experiments. The 
most important effect of correlation on the zero-temperature 
chemical potential and orbital magnetization of the uniform 
Hall fluid is to introduce additional discontinuities at certain 



fractional filling factors. This additional structure leads to in- 
compressible strips and associated bulk currents at fractional 
filling factors in the nonuniform Hall fluid. It is clear from 
the analysis of Section III that in the R » a » t limit, the 
orbital magnetic moment will reflect the actual orbital magne- 
tization of the interacting electron gas. For other values of R 
and a, we expect a more complex oscillatory response. Mea- 
surements of the magnetic moment of a semiconductor ring 
in the quantum Hall regime would provide useful information 
about the equilibrium current distribution in the nonuniform 
Hall fluid. 
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APPENDIX A: THE ELLIPTIC INTEGRAL 

The electrostatic potential produced by the electric charge 
distribution p(r') = e n(r')5(z') is explicitly independent of the 
polar angle (f> and takes the form 



V(r,z) 



n(r')6(z') 



V(r-r') 2 + (z-z') 2 



where f and f are the projections of the 3D vectors r and r', 
respectively in the plane z — 0. Let us choose the vector f to 
be in the direction of the x axis so that (r - F*) 2 — r 2 + r' 2 - 
2rr' cos</>' where <fi' is the polar angle of f . After integrating 
over z' (and setting z = 0) we get 



V(r) 



2 

— J r'dr'n(r') j 



dtp' 



-\/r 2 + r' 2 - 2rr' cos < 



(Al) 



Noting that cos(-0') = cos(0') and changing the integration 
variable <p' = n - 28 we can express the integral over 4>' in the 
above equation in terms of the complete elliptic integral 
namely, 



r + r' 



K(m) with m 



Arr' 
(r + r') 2 



(A2) 



Substituting Eq. (IA2> back into Eq. (IA1> one recovers the ex- 
pression (|SJl that have been used in the self-consistent compu- 
tation of the potential. 

It is worth noting that in the de Haas-van Alphen limit in 
Sect. |nj in which R » a, the electrostatic potential repro- 
duces that of a thin infinite strip. The point is that R - a < 
r, r 1 < R + a and in this case r a r 1 « R so that m » 1 as 
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seen from Eq. (IA2> . However the elliptic integral l|9} has a 
logarithmic asymptotics 14 form — > 1 



lim 



K(m) - In 



0. 



where in our case 1 — m = (r — r') 2 /4R 2 . Setting r — R + x and 
r' — R + x' we obtain 



VdHvA(-«) 



—J" 



In be — jc' 



n(x') — tib(x') 



(A3) 



where we have used Jdx n(x) = Jdx n^x). Equation jA3> 



is exactly the potential of electrons in a 2D infinite strip with 
number density n(x) and background charge density -n^ix). 
It follows from Eqs. (0, ©, © and \A2>\ that in the de Haas- 
van Alphen limit the potential and charge densities are even 
functions of x while the current densities are odd 



V(-x) = V(x), n(-x) = n(x), and ;(-^) = ~j(x) (A4) 



which has been used in the derivation of Eq. Jl 31 . This sym- 
metry is not present in a general two-dimensional electron 
ring. 
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